Divisibility of a number and its reverse 25 August 2022

Once upon a time, my friend Renee texted me “if you take any (ig 2 digit) number and flip the
digits, the difference between the 2 numbers will always be a multiple of 9”. And then: “i wonder
why that is”.

Claim. If n is a 2 digit number and m is the reverse of n, then 9 divides n — m.

Proof. Let n be a 2 digit number. Then n can be written as 10a + b for a,b € [0,...,9].
Let m be n with its digits reversed, m = 10b + a.

Then,
n—m = (10a+b) — (10b + a) = 9a — 9b = 9(a — b).

Since a — b € Z, then 9 divides n — m. O

Excellent. “i guess” says Renee, “what interests me is how this changes across bases”.

Claim. If n is a 2 digit number in base 7, and m is the reverse of n, then v — 1 divides n — m.

Proof. Let n be a 2 digit number in base . Then n = ya + b for a,b € [0,..., Ay_1].

I don’t know conventional notation works here but I’'m saying that I need 2 symbols, and the first
one gets multiplied by the base which is «, and in your system you get v symbols, and they are
0,1,2,...,A,1.

So in base v = 10, n = 10a + b, and a,b € [0,...,9]. In base 7 = 5, we get n = 5a + b, and
a,be0,...,4].

Let m = b+ a. Now,
n—m=(ya+b)—(yYb+a)=va—a+b—vb=(y—1)a—(y—1b=(y—1)(a—0).

And thus v — 1 divides n — m. O

At this point I have a feeling it works for numbers with more digits than 2. To get a feel for
how the argument might go for an arbitrary number of digits, I start trying out the argument for
specific numbers of digits.

Claim. Let n be a 7-digit number in base 7. Then n = ag + a1y + asy? + azy® + asyt + asyd + a676
for a; € [0,..., Ay_1].
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Proof. Let m be the reverse of n, ag + asy + asy? + a3y® + aay* + a17° + apy%. Now,

n—m=(ag+ a1y + az’y2 + ag’y3 + a4’y4 + a575 + aﬁ”yﬁ)
— (a6 + a5y + asy* + azy® + azy* + a17” + ap?®)
=ao(1=7%) +a1(y —7°) + a2(y* = 7" + as(+* — 7*)
+as(v' =) +as(v° —7) +as(° = 1)
= —ao(y* = 1) —ay(y* = 1) —a*(v* - 1)
+ay’ (P = 1) +asy(v! — 1) + as(7® — 1)
= (ag — ao)(7® = 1) +v(as —a1)(v* = 1) +7*(as — az)(y* — 1)
= (a6 —a0)(v* + )(7* = 1) + (a5 —a)) (¥ + D(* - 1)
+ 7 (as — ag)(y + 1)(y — 1)
=(ag—a0)(V¥ + Dy =P +7+ 1) +7(as —a) ¥+ Dy + 1)(y - 1)
+7%(as —ag)(y + D(y - 1)
n—m=(y—1Dl(as —ao)(y’ + (v + v+ 1) +7v(as —a1)(¥* + 1)(v + 1) + v*(as — az)(y + 1)]

And thus v — 1 divides n — m. O

Now we can look at the most general case.

Claim: Let N be a k digit number in base 7, let M be the reverse of N. Then v —1 divides N — M.

Proof. Let N be a k digit number in base v. Trivially, if k = 1, then N = M and N — M = 0, and
v — 1 divides N — M. So suppose k > 2.

Then N can be written
k—1
N=ao+a1y+ay* +- + a2+ ap_17"t = Z a;y'
i=0

for a; € [0,...,A,—1], i.e., a; is one of ~ different symbols.

The reverse of NV is then
k—1
M = ap 1+ apoy +ap-37" + -+ 17" +apn ! = Z aiy* 1
i=0

Now we can consider N — M:

N —M = (ag+ a1y + - +ap-17""") = (ah-1 + ap—2y + - +aon*") (1)
=ao(l =" N t+a(y =7 )+ + a2 =) +aa (- 1) (2)
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We want to prove that v — 1 divides the entire polynomial on the left. We’ll do this by showing
that v — 1 divides all k£ terms in that sum.

Note that if k£ is odd, then the middle term in the above expression is a(k_l)/g(v(k_l)ﬂ — A (E=1)/2)
which is of course 0. So if this term exists, we already know v — 1 divides it.

For any other term, observe that each of the terms in the sum looks something like a;(7* — fyk_l_i)

for some i € [0,...,k—1]. Let i >k —1—1i. (If i <k — 1 — 4, simply factor out a —1 and rewrite,
since the sign of a; will not change whether or not the term is divisible by vy — 1, and i =k -1 —4
is precisely the term we showed cancels out above). Then we can rewrite this term as

j:ai,)/kflfi(,yif(k‘flfi) _ 1) — :l:ai,yk/‘flf’i(,yQi*kﬁ*l _ 1)

For ease of notation, let x = 2¢ — k + 1, and note that x > 0 since ¢ > k — 1 — 4. This means that
each term in (2) can be written as

kflfi(,ym . 1)

We’ll focus on the v* — 1 factor and show that v — 1 divides it for any .

+a;y

Case 1. If x = 1, then we’re done, v — 1 is a divisor of that term.

Case 2. If x is even, then x = 2y for some y, and we have a difference of squares:
P =1l=2 1= (" =) + 1).

Now we can repeat this process with +¥ — 1; either y is 1 and we’re done as in Case 1, y is even
and we repeat this case again, or y is odd and we continue with Case 3.

Case 3. If x is odd, then we have a difference of odd powers:
Y =1=(=-DO" "2+ D).

And we see that v — 1 divides v* — 1 for odd =z.

In all cases, eventually we get that v — 1 divides v* — 1, and we can write each of our terms:
+ay Ny = 1) = aiBi(y - 1)
where P; is some polynomial of v with integer coefficients. This means we can write (2) as

N — M = aOPO(’y — 1) —+ alpl(’}/ — 1) + -+ ak—lpk—1(7 - 1)
= (v—=1)(aoPo+a1Pa+ -+ ap_1Pp1).

It follows that v — 1 divides N — M, for all k. O



